
Precept 10

1. Let f(x) = x2, x0 = 0, x1 = 1, x2 = 2. Find the Lagrange interpolant p2(x) and the
Barycentric interpolant q2(x) of f at the points x0, x1, x2 (That is write x2 in each
of the corresonding forms.)

2. The Vandermonde matrix is defined as:

V =


1 x0 x20 · · · xn0
1 x1 x21 · · · xn1
...

...
...

. . .
...

1 xn x2n · · · xnn

 ∈ R(n+1)×(n+1)

Prove that the Vandermonde matrix is invertible. Hint: relate V to an interpolant
polynomial and use uniqueness of the interpolant polynomial.

3. Recall that Simpson’s rule on [0, 1] is∫ 1

0

f(x) dx ≈ 1

6

(
f(0) + 4f

(
1
2

)
+ f(1)

)
,

and that the Newton–Cotes error bound for nodes x0, . . . , xn on [a, b] is

|En(f)| ≤
max
x∈[a,b]

|f (n+1)(x)|

(n+ 1)!

∫ b

a

∣∣∣∣∣
n∏

i=0

(x− xi)

∣∣∣∣∣ dx.
Using this bound with n = 2 and the Simpson nodes

x0 = 0, x1 =
1

2
, x2 = 1,

show that

|
∫ 1

0

f(x)dx− 1

6

(
f(0) + 4f

(
1
2

)
+ f(1)

)
| ≤ 1

192
max
x∈[0,1]

|f (3)(x)|.

4. Given n + 1 data pairs (x0, y0), (x1, y1), . . . , (xn, yn), define for j = 0, 1, . . . , n the
quantities

ρj =
∏
i̸=j

(xj − xi),

and let also

ψ(x) =
n∏

i=0

(x− xi).
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(a) Show that ρj = ψ′(xj).

(b) Show that the interpolating polynomial of degree at most n is given by

pn(x) = ψ(x)
n∑

j=0

yj
(x− xj)ψ′(xj)

.
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